Abstract. In the study of homology cobordisms, knot concordance and link concordance, the following technical problem arises frequently: let π be a group and let M → N be a homomorphism between projective
Introduction
Let π be a group. Throughout this paper we will assume that all groups are finitely generated. We denote the augmentation map Z[π] → Z by ε and we denote the composition of ε with the map Z → Z p = Z/pZ by ε p . We can then view Z p as a right Z[π]-module via the augmentation map. We are interested in the following question. N also injective? Finding such modules is a key ingredient in the obstruction theory for homology cobordisms, knot concordance and link concordance. We refer to [COT03, Proposition 2.10] and our Section 4 for more information.
To state the previously known results and our main theorem we need to introduce more notation. Let φ : π → H be a homomorphism to a torsion-free abelian group, let Q be a field of characteristic zero and let α : π → GL(k, Q) be a representation. Note that α and φ give rise to a right Z[π]-module structure on Q k ⊗ Q Q[H] = Q[H] k as follows:
(Here, and throughout this paper we view Q k as row vectors.) Given a prime p we say that a group is p-group if the order of the group is a power of p. The following is a folklore theorem (see e.g. [CF10, Lemma 3 .2] for a proof). 
is also injective.
This theorem (sometimes with the special case that H is the trivial group) is at the heart of many results in link concordance. We refer to the work of Cha, Friedl, Ko, Levine and Smolinski (see [Cha10] , [CF10] , [Fri05] , [CK99] , [CK06] , [Lev94] , [Smo89] ) for many instances where the above theorem is implicitly or explicitly used.
Note though that the condition that the representation has to factor through a p-group is quite restrictive. For example it is a consequence of Stallings' theorem [Sta65] that for a knot any such representation necessarily factors through the abelianization. The following is now our main theorem:
Main Theorem (Theorem 3.1). Let π be a group, let p be a prime and let f :
N is injective. Let φ : π → H be an epimorphism onto a torsion-free abelian group and let α : π → GL(k, Q) be a representation, with Q a field of characteristic zero. If α| ker(φ) factors through a p-group, then
This theorem makes it possible to work with a considerably larger class of representations than in Theorem 1.1. For example the 'CassonGordon type' representations which appear in [Let00, Fri04, HKL08, FV09] and which originate from the seminal paper by Casson and Gordon [CG86] satisfy the hypothesis of Theorem 3.1. Our theorem also connects [Cha10, Theorem 3.2] to the Casson-Gordon setup. An application of our theorem to define so-called algebraic Casson-Gordon obstructions purely in terms of the chain complex with duality of the metabelian cover of the exterior of a knot, will appear in the PhD thesis of the second author [Pow10] . Note that all of the above apply the theorem to the case that the rank of H is one. In this case our result is closely related to the work of Letsche [Let00, Propositions 3.3 and 3.9].
In our opinion the most interesting aspect of our theorem is that the group H may have rank greater than one. This allows the possibility of using representations of link complements of Casson-Gordon type, i.e. representations which do not necessarily factor through nilpotent quotients of the link group. We will investigate this in a future paper.
The paper is organized as follows: Section 2 contains some preliminary lemmas which are used in key places in the proof of the main theorem, Section 3 contains the proof of the main theorem, and then Section 4 uses the main theorem to reprove and generalize Casson and Gordon's Lemma 4 in [CG86] .
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Preliminaries
In this section we collect and prove various preliminary lemmas which we will need in the proof of our main theorem.
Strebel's class D(R).
Definition 2.1 (Strebel [Str74] ). Suppose R is a commutative ring with unity. We say that a group G lies in Strebel's class D(R) if whenever we have a morphism f : M → N of projective R[G]-modules (not necessarily finitely generated) such that
The following lemma was proved by Strebel [Str74] (see also [CO09, Lemma 6 .8]).
Lemma 2.2. Suppose G is a group admitting a subnormal series
whose quotients G i /G i+1 are abelian and have no torsion coprime to p.
We will later need the following consequence of the previous lemma: Lemma 2.3. Let π be a group. Let φ : π → H be an epimorphism onto a torsion-free abelian group H and let α : π → GL(k, Q) be a representation, for some field Q, such that α| ker φ factors through a pgroup P ′ . Let
.
Proof. Γ admits a normal series
The quotient Γ 0 /Γ 1 ∼ = im(φ) ∼ = H and is free abelian. The quotient Γ 1 /Γ 2 = Γ 1 is isomorphic to im(α| ker(φ) ), which is a quotient of a subgroup of the p-group P ′ . Since every subgroup of a p-group is a p-group by Lagrange's theorem, every quotient is also a p-group. We therefore have that Γ 1 is a p-group. Any p-group is nilpotent, and its lower central series gives a normal series of subgroups
such that each quotient P i /P i+1 is an abelian p-group (See for example [Asc94, Section 9]). Combining the two normal series we obtain
Therefore the conditions of Lemma 2.2 are satisfied and so Γ ∈ D(Z p ).
2.2.
A group theoretic lemma. The following lemma shows that, roughly speaking the group Γ in Lemma 2.3 is 'virtually a product F × P ', where F is a free abelian group and P is a p-group. (1) the injection is the identity on P , (2) the composition
Remark 2.5. In the simplest case that H = Z, such as when we make applications to knot concordance, Z is free and so Γ splits as
To find a finite index normal subgroup which is a product, with the properties in Lemma 2.4, define l := | Aut(P )|. Then
is a subgroup as required. Lemma 2.4 is an extension of this idea.
Proof of Lemma 2.4.
We consider the following homomorphism
We denote by Γ ′ its kernel. Note that Γ ′ ⊂ Γ is a normal subgroup of finite index.
We denote by H ′ the image of φ restricted to Γ ′ . Note that the kernel P ′ of φ restricted to Γ ′ is the intersection of P with Γ ′ . Summarizing we have
From the definition of ϕ it follows immediately that P ′ is precisely the center of P . In particular P ′ is an abelian group. It now follows that Γ ′ fits into the following short exact sequence
in particular Γ ′ is metabelian. Note that by [Hal59, Theorem 1] any (finitely generated) metabelian group is residually finite. (Recall that a group π is called residually finite if for any non-trivial g ∈ π there exists a homomorphism γ : π → G to a finite group G such that γ(g) is non-trivial.) By applying the definition of residually finite to all non-trivial elements of P ′ ⊂ Γ ′ and by taking the direct product of the resulting homomorphisms to finite groups we obtain a homomorphism γ : Γ ′ → G to a finite group G such that γ(g) is non-trivial for any g ∈ P ′ . We now write Γ ′′ := ker{γ : Γ ′ → G}. Note that by definition Γ ′′ ∩P ′ is trivial, which implies that the restriction of φ to Γ ′′ is injective. We also write F := φ(Γ ′′ ). We summarize the various groups in the following diagram
We thus obtain an injective map F φ| −1 Γ ′′ −−→ Γ ′′ ⊂ Γ which we denote by ψ. We now consider the following map:
We claim that this map has all the desired properties. First note that this map is indeed a group homomorphism since for any f ∈ F we have
i.e. the images of P and F commute in Γ. The map is furthermore evidently the identity on P and the concatenation
Also note that Ψ is injective. Indeed, suppose we have a pair (f, p) such that Ψ(f, p) is trivial. It follows that 0 = φ(Ψ(f, p)) = φ(ψ(f )p) = f which implies that (f, p) = (0, p). But Ψ is clearly injective on P .
Finally note that
Indeed, it is clear that the left hand side is contained in the right hand side. On the other hand, if g ∈ ker{Γ
. It thus follows that the image of Ψ is indeed a finite index normal subgroup of Γ.
We now state and prove a few more elementary lemmas which will be useful in the proof of our main theorem. Proof. It is straightforward to verify that the following homomorphism of left Z[B]-modules is an isomorphism:
Let φ : Γ → H be an epimorphism onto a free abelian group and let α : Γ → GL(k, Q) be a representation over a field such that α| ker φ factors through a p-group and such that ker(α × φ) is trivial. We apply Lemma 2.4 and view the resulting group F × P as a subgroup of Γ. We now have the following lemma.
Lemma 2.7. There exists an isomorphism of right Z[Γ]-modules
where the right
Proof. Consider the following map:
To see that this is well-defined, suppose that
It is clear that θ preserves the right Z[Γ]-module structure. We pick representatives t 0 , . . . , t l−1 for (F × P )\Γ. Note that by Lemma 2.6 Q[H] is free as a Q[F ]-module, with basis {φ(t i ) | i = 0, . . . , l − 1}. We write
Then define:
It is straightforward to verify, that θ • ρ is the identity, in particular θ is surjective. Since θ is a Q[F ]-module homomorphism between free
Alternatively one can easily show that ρ defines an inverse to θ.
2.3.
Maschke's Theorem. In order to show that after taking the representation α ⊗ φ, we still have an injective map, we will need some elementary representation theory.
Definition 2.8. We say that a right S-module M is semisimple if every submodule is a direct summand. n is also semisimple. In particular N is a direct summand of F [G] n , i.e.
It is straightforward to verify that φ restricts to an isomorphism M → V .
Proof of the Main Theorem
We are now in a position to prove our main theorem. For the reader's convenience we recall the statement: 
is injective. Let φ : π → H be an epimorphism onto a torsion-free abelian group and let α : π → GL(k, Q) be a representation, with Q a field of characteristic zero. If α| ker(φ) factors through a p-group, then
We quickly summarize the key ideas of the proof:
(1) Using Lemmas 2.4, 2.6 and 2.7 we can reduce the proof of the Theorem to the case that π = F × P and F = H. Proof. We define Γ := π/ ker(α × φ). Let V be a right Z[π]-module such that π → Aut(V ) factors through π → Γ, then we can view V as a right module over Z[Γ] and we obtain the following commutative diagram
The vertical maps are easily seen to be isomorphisms. Also note that
-modules. Applying these observations to V = Z p and V = Q[H] k now shows that without loss of generality we can assume that Γ = π.
Since Γ ∈ D(Z p ) by Lemma 2.3, Definition 2.1 applies, and we have that Id ⊗f : Z p ⊗ Z M → Z p ⊗ Z N is injective. Since M and N are Z-torsion free it follows that f : M → N is also injective.
We now apply Lemma 2.4. By a slight abuse of notation we view the resulting group F × P as a subgroup of Γ. By Lemma 2.6 we can now also view M and N as projective left
In particular we can view M and N as Z[F ]-modules. We now write
N and we consider the following commutative diagram:
The horizontal maps are induced by f and the vertical maps are the canonical maps. The top horizontal map is injective by the preceding discussion. Since Q is a field of characteristic zero, and so as an abelian group is Z-torsion free, it is flat as a Z-module. Also note that Q(F ), the quotient field of Q 
We now consider the following commutative diagram:
The horizontal maps are induced by f and the vertical maps are the canonical maps. Except for the bottom map it is clear from the definitions that these vertical maps are monomorphisms or isomorphisms. It follows from Lemma 2.7 that the bottom vertical map is also an isomorphism. Note that the eighth vertical map ( * ) is injective since
Since the top horizontal map is injective it now follows also that the bottom horizontal map is injective. This completes the proof of our main theorem.
Application to Concordance Obstructions
In this section we indicate what we see as an intended application of Theorem 3.1. In the theory of knot concordance, both the knot exterior and the exterior of a slice disk, should one exist, are Z-homology circles. To define an obstruction theory one uses the idea of homology surgery. That is, just as was done by Casson and Gordon [CG86] , we take the zero-framed surgery on a knot M K , and take its k-fold cyclic cover M k , for some prime power k. Let φ : π 1 (M K ) → Z be the abelianisation and suppose we have a representation:
for a field Q of characteristic zero, which factors through a p-group. The Casson-Gordon obstructions first find a 4-manifold W whose boundary is sM k for some integer s, over which the representation extends, and then use the Witt class of the intersection form of W with coefficients in Q(Z) to obstruct the possibility of choosing a W which is the k-fold cover of a Z-homology circle. A vital lemma in constructing this obstruction theory is to show that the twisted homology of a chain complex vanishes with Q(Z) k coefficients when the Z-homology vanishes, such as is the case for the relative chain complex C * ( Y , S 1 ), when Y is a Z-homology circle.
The following proposition gives a more general result in this direction. 
is an isomorphism.
The main applications are the cases S = S 1 and Y = S 3 \ νK or Y a slice disk exterior, φ the epimorphism onto Z = t , ϕ the epimorphism onto Z k and α ′ : π 1 (Y ϕ ) → Z/p r → GL(1, Q) a non-trivial one-dimensional representation which factors through a cyclic p-group. A direct calculation shows that H * (S ϕ ; Q(t)) = 0, it then follows from our proposition that H * (Y ϕ ; Q(H)) = 0 as well. Note though that this conclusion can not be reached by considering S ϕ and Y ϕ alone, since the map
In a future application we will consider the case where Y is the exterior of a 2-component link with linking number one and S is one of the two boundary tori.
Proof. By the long exact sequence in homology it suffices to show that
In order to apply our main theorem we first have to reformulate the problem.
We write k := |A|. Note that Z[π 1 (Y )] acts by right multiplication on the kd-dimensional Q-vector space
We denote the resulting representation π 1 (Y ) → GL(kd, Q) by α. Note that α restricted to the kernel of φ also factors through a p-group. Furthermore note that α ⊗ φ now induces a representation π 1 (Y ) → GL(kd, Q(H)).
Let Y ϕ be the universal cover of Y ϕ and let S ϕ := i * ( Y ϕ ) be the pull-back cover of S ϕ . By definition,
where we use the representation α
Observe that Y and Y ϕ have the same universal cover, and that this implies that the pull-back covers S := i * ( Y ) and S ϕ = i * ( Y ϕ ) also coincide. Therefore
which moreover is isomorphic to
It is now straightforward to verify that the map
induces an isomorphism of Z[π 1 (Y )]-right modules, with α ⊗ φ used to define the right Z[π 1 (Y )]-module structure on the latter module. The claim now follows from the observation that
We now write
By the claim it is enough to show that C * is acyclic. We now follow a standard argument (see e.g. [COT03, Proposition 2.10]). Note that chain complexes of finite CW complexes comprise finitely generated free modules. Define
, we see that H * (Y, S; Z p ) ∼ = 0, which implies that C * (Y, S; Z p ) is contractible, since it is a chain complex of finitely generated free modules.
Let γ : C i → C i+1 be a chain contraction for C * , so that dγ i +γ i−1 d = Id C i . Since ε p is surjective and all modules are free, there exists a lift of γ,
as shown in the following diagram:
is a homomorphism of free Z[π 1 (Y )]-modules whose augmentation ε p (f ) is the identity and is therefore invertible. Note that f is also a chain map, since
is injective, and moreover as an injective morphism between vector spaces of the same dimension is in fact an isomorphism. Thus, γ is a chain homotopy between the chain isomorphism (α⊗φ)(f ) and the zero map. Since a chain isomorphism induces an isomorphism of homology groups, and chain homotopic chain maps induce the same maps on homology, the proof is complete.
The following corollary is Casson and Gordon's Lemma 4 in [CG86] . One of our main motivations in writing this paper was to put this lemma into context and to isolate the algebra involved in the proof of the lemma. (We refer to [Let00, Proposition 3.3] for a related result.) Let S = S 1 . We can find a subcomplex S 1 ⊂ Y which represents an element in π 1 (Y ) which gets sent to 1 under the map φ. Note that this S 1 necessarily represents a generator of H 1 (Y ; Z p ). Let i : S 1 ֒→ Y be the inclusion. Define Γ := π 1 (Y )/π 1 ( X). The group Γ fits into a short exact sequence 1 → P → Γ → t → 1, where P := π 1 (X)/π 1 ( X) is a p-group with |P | = p r . As in Lemma 2.4 and Remark 2.5, there is a finite index subgroup t l × P ≤ Γ, such that
maps t l isomorphically onto its image. Define ϕ : t = Z → Z/lZ =: A to be the quotient map. Let Y ϕ be the induced cover of Y , then we have an epimorphism
is the restriction of φ. Since π 1 (Y φ ) also projects to P , define
via the regular representation P → Aut Q (Q[P ]): we take d := p r and Q := Q.
We can then apply Proposition 4.1, to see that
). 
